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Messrs, Vidal and Laurent develop conditions for the stability
i of a certain class of nonlinear sampled systems and apply them to several
; examples. These same conditions can be easily developed with somewhat
more generality and rigor through the use of a more recent form of Liapunov's
second method., The purpose of this discussion is to present the relevant
theorem and its corollary and to illustrate how Vidal's end Laurent's  °
| criteria can be developed using Liaspunov functions, )
Given a continuous map f: E' - E° with £(0) = 0, the problem
is to determine criteria for, and a domain of, stability for the origin of

the difference equation (1).
x(n+l) = £(x(n)) , x(0) = X, (1)

A set MCE" is called an invariant set for (1) if for each x, in M
there is a solution x(n) of (1) such that x(n) is in M for all

n=0’il,i2,nno .

b THEOREM: Let S be a closed, bounded set in E' . If there exists a
continuous function V(x) defined on S such that

ANV(x) = V(f(x)) - V(x) £ 0 for all x in S, then all solutions x(n)
f. of (1) which remain in S for all n 2z 0 approach the largest invariant

sﬁggcotamedmthe set 8 ={xe8S: AV(X) =0} as n-ow .,
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This theorem is the difference analog to LaSalle®s theorem for
differential equations [l]. The advantage of this theorem over the usual
Liapunov theorems is that it can be used to define a region of attraction
for M . Usually, the set § is constructed so that all the solutions

vwhich start in S remain in S, making § a domain of stability,

COROLLARY: In addition to the conditions of the theorem, let the set S
have the form S = {x: V(x) £ c} for some ¢ >0 . Then all solutions
which start in S5 approach M as n -« .,

For some m-vector x, consider a norm ||x|| and define the norm

of a matrix L, |L||, by

Holl = max fjix) .
llll=2
Notice that ||Lx|| s ||| ||x]] for all m-vectors x . See [2] for a
discussion of various vector and matrix norms.
Messrs. Vidal and Laurent consider difference equations of the

type given in equation (2)
x(n+l) = L(x(n))x(n) (@)

where L(x) 1is a matrix velued function defined on E" . Consider the
functional V(x) = ||x||, which is positive definite on all of E ., Then
av(x) = L)l -l= = (LE)-Vldl = (Ju(x)]|-1)V(x) . Define the sets

8,(8) = {x: lL(x)|| = 1-8)} ena S,(c) = {x: V(x) = ¢} . Define the set S(3)




as 8, {c) where c >0 is chosen such that S,{c) € 5,(8). Then all
the condltions of the corollary are satisfied, implying stabillty. Further-
more, for © > 0, the only possible set M is the origin since

V{x)n)) = ||x(n)|| approaches zero exponentislly as n - = ,

V(x(n)) = V(x(n-1)) + AV(x(n-1))
s (1-8)V(z(n-1)) s (1-8)™V(x(0)) .

In this case the origin is exponentially asymptotically stable with a
domain of stability S(8) . Notice that if L(x) is continuous in x
and ||L(x)/] < 1-8, then S(5) is non-empty. There ia also the possibility
of finding & larger domain of stability by using Vk(x) for scme k > 1
in place of V(x) in determining S(5) .

Let the vector x have elements X, and the matrix L bhave
elements Ly, . Then, if =l = nl:xém[xil , the norm of L is given by
hi)] = max o ILijl . The condition that [|L(x)]] s 1-6 is the first

isism §=1
criterion arrived at by Messrs, Vidal and Laurent. Another choice for the
norm, namely |x|| = Z?:llle , results in the second criterion. Each
choice of & vector norm would result in a criterion for, and a domein of,
stability, Any such choice gives sufficient conditlons for stebility.

For the nonautonomous case, where L = L(x,n), the above re-
sults hold provided that & > O , Thus, inequality (6) of the paper gives
a domain of stability for the probtlem considered., Thils is aiso true for

the irequalities developed in each of the examples.
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